ON A MODIFIED PARABOLIC COMPLEX 
MONGE-AMPERE EQUATION WITH APPLICATIONS 



ALBERT CHAU 1 AND LUEN-FAI TAM 2 

Abstract. We study a parabolic complex Monge- Ampere type 
equation of the form (|l.ip on a complete non-compact Kahler man- 
ifold. We prove a short time existence result and obtain basic 
estimates. Applying these results, we prove that under certain as- 
sumptions on a given real and closed (1,1) form f2 and initial Kahler 
metric go on M, the modified Kahler-Ricci flow g' = — Ric + f2 has 
a long time solution converging to a complete Kahler metric such 
that Ric = £1, which extends the result in pQ to non-compact man- 
ifolds. We will also obtain a long time existence result for the 
Kahler-Ricci flow which generalizes a result [5]. 



1. INTRODUCTION 

Let (M, go) be a smooth complete non-compact Kahler manifold. In 
this article we will study parabolic complex- Monge Ampere equations 
of the following type on M: 

/-i -i\ I — = log — - — r / m M x 0, T) 

(1.1) < dt 6 (cuo) n 1 1 

y v(x, o) = «. 

where / and a(t) are given smooth families of functions and real and 
closed (1, 1) forms on M for t G [0, T) respectively, u is a smooth func- 
tion on M and uq is the Kahler form of go. There is a close connection 
between ( II .ip and the Kahler-Ricci flow equation on M 

(1.2) { ^ = - RicM 

u(0) = loq. 
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where u is a Kahler form with corresponding Ricci form Ric(o;). Let v 
be a solution to f 1 1.11) such that the corresponding family u(t) := a(t) + 
yf—lddv are Kahler forms. Then if Rico = y/—lddf and a(t) = u> , 
then uj{t) evolves under (II. 2p and remains in the Kahler class [uq] (see 
[T], [BJ). On the other hand, if / = and a t = — iRic(co> ) + uj , then 
uj(t) evolves under (11.21) but does not remain in the same Kahler class 
in general (see [20], [21] on compact manifolds and [H] on non-compact 
manifolds). Conversely, it can also be shown in the above cases that 
given a solution cu(t) to (II. 2p . there exists a corresponding solution v 
to (II. ip such that u{t) := a(t) + y/—lddv (see references above). 

One of the goals in this article is to generalize our previous results 
in [BJ where the authors proved: when Ric = y/—lddf and a(t) = u , 
then go converges to a Kahler Ricci flat metric g under (ll.2p under 
certain additional assumptions on / and go. We will extend this result 
to the case when Ric — ft — \/ —lddf where f2 is given but not nec- 
essarily zero. We prove that when (M n ,g ) is complete, non-compact 
with bounded curvature, with volume growth V xo (r) < Cr 2n for some 
Xq and C for all r, and satisfies a certain Sobolev inequality, then: 

Under the above conditions, the Kdhler-Ricci flow (11.2j) has a long 
time solution g(t) converging smoothly on M provided |/|(a;) < 1+p ?+t^ 

for some C, e > and all x such that the Ricci form of the limit metric 
is Q. 

See Theorem 14.21 for details. This will correspond to (11.11) in the case 
u(t) = Uq and Rico — Q = \/—lddf in which case the equation for 
§j.w{t) will change from (11.21) only by the addition of = y/—lddf to 
the RHS of (11.21) . The proof combines the a priori estimates developed 
here together with estimates from [Bj, in particular the C° estimate. 
The main difference here is that the corresponding metrics g(t) are 
not evolving under the standard Kahler- Ricci flow (II .2p . and general 
Kahler- Ricci theory cannot be directly applied as in [BJ. Our results are 
motivated by the results in [TS], Q35] which extend the famous results in 
[22] to the complete non-compact setting under additional assumptions. 
By studying the elliptic Monge- Ampere equation Yau [22] proved that if 
(M, go) is a compact Kahler manifold and Q G ci(M), then there exists 
a Kahler metric g in the same class as go with Q as its Ricci tensor. This 
result was later re-established in [1] by considering the corresponding 
parabolic complex Monge- Ampere on compact manifolds. 

Our second goal will be to establish a longtime existence result 
for (II. 2p . We prove that when (M n ,g ) is smooth, complete and 
non-compact with injectivity radius bounded below and curvature ap- 
proaching zero pointwise at infinity then 
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Under the above conditions, the Kdhler-Ricci flow ( 11. 2\\ has a smooth 
longtime solution provided there exists a strictly plurisubharmonic func- 
tion on M. 

See Corollary 14.11 for details. Since a simply connected complete non- 
compact Kahler manifold with nonnegative holomorphic bisectional 
curvature is a product of a compact Kahler manifold with nonnegative 
holomorphic bisectional curvature and a complete non-compact Kahler 
manifold with nonnegative holomorphic bisectional curvature support- 
ing a strictly pluri-subharmonic function [13] . the theorem generalizes 
the longtime existence result in [S]. In particular, the result applies 
when M = C n or more generally a Stein manifold. We establish this 
by showing (11.11) has a longtime solution for appropriate choices of / 
and cr(t). The proof combines ideas from [IT] , the a priori estimates 
developed here and the results in [5]. In fact, this is a corollary of a 
more general result Theorem 14. 11 

The paper is organized roughly as follows. In §2 we prove a general 
shorttime existence result for (11.11) where we do not assume / or v(x, 0) 
are bounded. In §3 we prove a priori estimates for (II .ip where we 
assume / and v (x, 0) = are bounded. In §4 we prove the main results 
Theorem 14.11 and Theorem 14.21 



2. Short time existence 

Consider parabolic complex Monge- Ampere equation (ll.ip on a com- 
plete non-compact Kahler manifold (M, go) where a = a(t) is a given 
smooth real and closed (1, 1) form on M for t e [0, T), ujq is the Kahler 
form of go, and / and u are smooth possibly unbounded functions on 
M x [0,T) and M respectively. 

We will do our analysis of (II. ip in appropriate Holder spaces on M 
which in turn will involve the notions of bounded geometry of various 
orders with respect to go. We will now make the appropriate definitions 
for these. We begin by recalling the definition for a complete Kahler 
manifold (M n , g) (n is the complex dimension) to have bounded geom- 
etry of a certain order, and we also recall the corresponding parabolic 
and elliptic Holder spaces on M relative to g (see also [21 [18j [19]). 

Definition 2.1. Let (M n ,g) complete Kahler manifold. Let k > 1 
be an integer and < a < 1. g is said to have bounded geometry of 
order k + a if there are positive numbers r, k%, k<i such that at every 
peM there is a neighborhood U p of p, and local biholomorphism £ p 
from D{r) onto U p with £ p (0) = p satisfying the following properties: 
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(i) the pull back metric &(g) satisfies: 

Kig e < € P (g) < K 2 g e 

where g e is the standard metric on C ra ; 

(ii) the components g^ of £p(g) in the natural coordinate of D(r) C 
C n are uniformly bounded in the standard C +a norm in D 
independent of p. 



r 



It is obvious that if go is of bounded geometry of order k + a, then 
it is of bounded geometry of order k + a' for all a' < a. The family 

F = {(t; P ,u p ), P eM} 

is called a family of quasi- coordinate neighborhoods. 

In the following we will define a norm on m forms on M for any 
m and we will define corresponding Banach spaces. We will make 
these definitions relative to fixed quasi-coordinates T . For two different 
quasi-coordinates, the corresponding norms defined will be equivalent 
f, and the corresponding Banach spaces will be the same. See the 
appendix for details. 

For any domain Q in C n and integer k > and < a < 1, let 
1 1 ' ||n,jfe+a be the standard C k+a norm for functions on Q. If T > and k 
is even let || • \\nx[o,T);k+ a ,k/2+a/2 be the standard parabolic c k+a ' k ^ 2+a ^ 2 
norm for functions on Q x [0,T) (see appendix see details). 

Define the C k+a (M) norm for a smooth m-form / on M by 

(2.1) \\f\\ m ,k,a = sup max\\(£f)i\\ D(r)Ma . 

where I represents a multi-index and the (^pf)i's are the local com- 
ponents of the form £*/. Likewise, if T > and k is even define the 
C k+a ' k / 2+a / 2 (M x [0, T)) norm for smooth time dependent m-form / 
on M x [0,T) by 



(2.2) ||/|| W)M = supmax||(£ p 7)7| 

p&M 1 



D(r)x[0,T);k+a,k/2+a/2' 



Definition 2.2. For any m and < k < 2 we define C^~ a (M) to be 
the norm completion of space of smooth m-forms with norm || • || m) fc a . 
Likewise, for k = or 2, let C^ a,h/2+a/2 (M x [0,T)) be the norm 
completion of space of smooth time dependent m-forms with norm 
|| • || m>feia . Both C^ a (M) and Ct +Q ' fc/2+a/2 (M x [0,T)) are Banach 
spaces. We will omit the subscript m in the notation when there will 
be no confusion. 



We have the following lemma: 12.11 
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Lemma 2.1. Let (M n ,g) be a complete non-compact Kdhler manifold 
of bounded geometry of order 2 + a. Then 

(i) M has bounded curvature. 

(ii) There is a smooth function p > 1 such that near infinity it is 
equivalent to the distance function from a fixed point and has 
bounded gradient and Hessian. 

Proof, (i) is obvious from the definition of bounded geometry of order 
2 + a. (ii) is a result in [15], see also [TBI . □ 



In order to state the main result of short time existence of (II. ip . we 
first discuss the following special case: 

dv , (ait) + s/=lddv) n 
- log ■ 



(2-3) \ dt S (u; )» 

v(x,0) = 0. 

Lemma 2.2. Let (M n ,go) be a smooth complete non-compact Kdhler 
manifold of bounded geometry of order 2 + a and let a = a(t) be a 
smooth family of closed and real (1,1) forms on M x [0,T) such that 

(i) a G C a ^(M x [0,T)) ; 

(ii) c^ujq < a < cujq for some c > on M x [0, T); 
(hi) there exists v Q G C 2+Q > 1+ § (M x [0,T)) such that 

w ■= -wr - log 



dt 

satisfies w (x, 0) = 0. 

Then there exists < T' < T such that (12. 3p has a smooth solution 
v G C 2+ 2' l+ ~ (Af x [0, T']) so that a + \J—lddv is uniformly equivalent 
to Uq in M x [0,T'). 

Proof. The idea is based on a general implicit function Theorem argu- 
ment outlined in [9] 0. By choosing a smaller T if necessary, we may 
assume that a is uniformly equivalent to Uq in M x [0, T\. In particu- 
lar, there exists 5 > and Ci > such that if |||t>|| 2 +|,i+H < 5 then 
Ciu > a + T<9<9t> > Cf 1 Uq in M x [0, T]. For the remainder of the 
proof for any k and j3 we will denote the spaces (7 fc +/ 3 > fc / 2 +/ 3 / 2 (M x [0, T]) 
and C fe+/3 (M) simply by C k+/3 ' k/2+(3/2 and 
We define 



B = {v G C 2+ f | | |u| | 2+ h 1+ h < 5, 0) = 0}. 



^lso see Proposition 5.1 in [5] for an application of this argument to the entire 
graphical Mean Curvature flow 
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Then B is an open ball in a closed subspace of C 2+ 2< 1+ i. Now define 
the map 



by 



F(t> ) = — log 



dt uj n 

Then the map F is well defined and C 1 such that the differential DF V 
at any v £ B is given by 

DFM = d ± - (V)% 

where (V)^ is the inverse of (V)jj := cx^ + 

Claim 1: DF„ is a bijection from the Banach space 

i3 1 = {0eC 2+ f' 1+ ?| 0(x,O) = O} 

onto C~2'f. 

Note that the claim is straight forward in the case that v a has 
bounded curvature on M x [0, T\. As we cannot assume this how- 
ever, we must proceed more carefully. Let p be a smooth function on 
M equivalent to the distance function with respect to go from some 
point p as Lemma [3J Since the metrics v a are uniformly equivalent to 
g and p > 1, there is a constant C 2 such that 

\ V(T iSPij\ < ^2P 
in M x [0, T]. Hence if G £>i, then for any e > 0, 

-|(0 + ee C2 V) Cisife + ee G2t Pi j) > 0. 

On the other hand, the minimum of 4> + ee c ' 2t p is attained in a compact 
set of M x [0, T], and thus by the maximum principle, we conclude that 
(f) + ee° 2t p > because <p(x, 0) = 0. Letting e — > 0, we conclude > 
on M x [0, T]. Similarly, one can prove that < 0. Hence = and 
Di^ is inject ive. 

Now, let fli be bounded domains with smooth boundary which ex- 
haust M and l <p be the solution of DF v ( l (p) = w in x [0,T] where 
0* = for t = and on dO* x [0, T] and w G Cf>f(M x [0,T]. Let 
C 3 > sup Mx [ 0T ] Then DF v ( l <f) + C 3 t) > 0. By the maximum prin- 
ciple, we conclude that l (f> > —C 3 . Similarly, we have '0 < C 3 . Hence 
the sequence is uniformly bounded by C 3 . 
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Now for any p G M, let (£ P ,U P ), and £ p : D{r) — > U p be as in 
Definition 12. 11 The pull back of <f> satisfies: 

^ - M iJ ( l ^h = » 

in D(r). For simplicity, we use '0 to denote the pull back of '0, etc. By 
our hypothesis, the components (V)'^ above are uniformly equivalent 
to the standard Euclidean metric and are uniformly bounded in the 
standard C a '^ norm on D(r) x [0, T]. Then by standard Schauder 
estimates we have 

II ^IL(5)x[0,T],2+§ — ( ~' 4 

for some C4 independent of p and sufficiently large I. Now a standard 
diagonalizing subsequence argument produces a G C 2+ 2"' 1+ 4 such 
that DF V (4>) = w. So -DF„ is surjective and the claim is established. 

Now let t>o be the function in (iii) which is in C 2+a ' 1+ ^(M x [0, T)), 
then w = F(vq) and iy (a;, 0) = 0. By the inverse function theorem, 

there exists e > such that if lliu — itfnlU - < e ! then there is v G 

11 "i 1 2 > 4 ' 

C 2+f ,1+f guch that _ w _ 

For any < r < 1, let w T be such that 
(2.4) w T (x,t) = \ °' , + , 1 

V ; TV ' ' \ W (x,t-T), T<t<l 

Claim 2: \\w T — u> |||.f < e for sufficiently small r > 0. 

We will still use w T and wq to denote the respective pull backs under 
£ p . Let x, x' G D(r), t,t'. Let A be the 2 + a norm of wq and let 
r] = w T - w . 

Case 1: t,t' < r. Then 

|?7(x, t) - 77(x', t') I = |w (x, *) - u; (a/, t') | 

< Amin{(|x - x'\ a + \t-t'\%) ,t% + (t')%}. 

where we have used the fact that ^o|i=o = 0. Thus if \x — x'\ > then 

\r]{x,t)-r](x',t')\ < A(t%+(t?)%) < 2At% < 2Ar^ (\x - x'\% + \t- t'\%) , 

and if \x — x'\ < then 

\r](x,t)-7](x',t')\ < A (\x-x'\ a + \t-t'\%) < At^ (|x-x'|f + \t-t'\^) 

because \t — 1'\ < r. In either case above we see that the claim is true. 
Case 2: t,f > r. Then 
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(2.5) 



\rj(x, t) - r}(x', t') | = \w (x, t) - w (x', t') - w (x, t - r) + w (x', t! - r) | 
< 2Amm{r^,\x - x'\ a + \t-t'\^} 

Thus if \t — tf \ > T, then 

\r](x,t) - r](x',t')\ < 2At% < 2At% (\x -x'\% + \t- t'\^) , 

and if \t — 1'\ < r, then we can prove as in Case 1 that 

\rj(x,t) -rj(x',t')\ < 2At^ (|x-x'|f + \t-t'\%) . 

In either case above we see that the claim is true. 

Hence by the inverse function theorem we have F(v) = on Mx [0, r] 
for sufficiently small r. In particular v solves (12. 3p and satisfies the 
conditions in the lemma M x [0, r] . The fact that v is smooth follows 
from a standard bootstrapping argument applied to (12. 3p as at the end 
of the proof of Proposition (12.11) . □ 

Proposition 2.1. Let (M n ,g ) be a smooth complete non-compact 
Kdhler manifold of bounded geometry of order 2 + a. Let u be a smooth 
function on M and let f and a = o~(t) be a smooth family of func- 
tions and real and closed (1,1) forms, respectively, on M fort e [0,T). 
Suppose that 

(i) (\\du\\ c i +a{M) + \f t \ + sup te[0iT) \\df(t)\\ c i +a{M) ) < oo; 

(ii) a E C 2+a < 1+ f(M x [0,T)) ; 

(iii) a + \J — lddu > cu on M x [0, T) for some c > 0; 



Then there exists < X" < T and a smooth solution v to (II. ip on 
M x [0, T'\ such that (v-u + f Q f(s)ds) G C 2+a > 1+a / 2 (M x [0, T'}) and 
o + \J — lddv are uniformly equivalent to u in M x [0, T'] . 

Proof. Let u, a and / be as in the Proposition and let 



Then a E C a ^(M x [0,T']) and there is T E (0, T) and c > such 



(iv) log 



(a + ddu) 



n 



is m C 2+a < 1+ f(M x [0,T)). 




that 



cujq > a > cu 



On a modified parabolic complex Monge- Ampere equation with applications 9 



in M x [0,T']. Let 

(5- + y/^lddu) 1 



v = t log 

Then vq satisfies condition (iii) in Lemma 12.21 with a replaced by a. 
By Lemma 12.21 by choose a smaller T' we may assume that there is 
v e C 2+ t' 1 +f (M x [0, T'\ solving (with a replaced by a) such that 
a + \/—lddv is uniformly equivalent to uq in M x [0, T"]. 
Let f = C + u — f* f(s)ds. Then 

a + s/^lddv = a + \/— I<9<9^ + \/^ldd{u — / f(s)ds) = a + \/— 
and 

Hence w is a solution to (11. ip . f is smooth and cr+\/— lddv is uniformly 
equivalent to ujq in M x [0, T']. It remains to prove that v is actually 
in C 2+a - 1+ t (M x [0,T']). 

Around any p G M, pull the equation ( 11. ip back into -D(r) by ^ p 
and differentiate the pullback equation with respect to z z say. We then 
obtain the following in D(r) x [0, T] 

(2 .6) / ^ = (vOTwito + - (goHgohi - h 

[ vi(x,0) = ui. 

Thus ( 12. 6 p is a strictly parabolic equation for vi with initial condition 
being in C 3+Q (D(|r)) (by condition (i), (ii) and (iv)) such that 
I \ u i\ l3+«,D(fr) ^ bounded by a constant independent of p. Moreover, 
the Ct>l norms of (V) iJ and (V) iJ (cx)i 5 - (g ) iJ (go)i3i ~ fi in D(r) x 
[0,T'] are bounded by a constant independent of t. It follows from 
parabolic Schauder theory that the C 2+ 2' 1+ t norm of v\ in (D(r/2) x 
[0, T']) is bounded by a constant independent of p. Repeating the above 
argument with respect to a conjugate coordinate zj, we conclude that 
C 2+ 2' l+ 4 norms of the first space derivatives of v in D(§) x [0,T'] are 
bounded by a constant independent of p. This implies in particular, 
that the C Q 'f norms of (V))« and (V)^"(a)^ - (^ ) iJ (^o) 4 jz - /i m 
x [0, T'] are bounded by a constant independent of t (see remark 
[1]). Repeating the above arguments, together with the fact that v is 
uniformly bounded and the assumptions on u and / we conclude that v 
is in the C 2+Q,1+ 2"(M x [0, T']). By the bootstrapping argument above 
it is also not hard to see that v is in fact smooth. □ 
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Remark 1 . In the second to last sentence in the proof above we actually 
have that the C2'" norms of the first space derivatives of ( v a))^ and 
( v ay j (a) i3 i - (goY J (go)i3i ~ fi in x [0, T'\ are bounded by a constant 
independent of t. Thus by the above argument we in fact have that the 
C 2+ 2' l+ 4 norms of the second space derivatives of v in -D(|) x [0, T'] 
are bounded by a constant independent of p. 

The shorttime existence of (11.21) was proved by Shi [TJJ [15] assuming 
(M n ,go) is a complete non-compact Kahler manifold with bounded 
curvature. Proposition 12. II re-establishes this fact under the additional 
assumption of bounded geometry of order 2 + a such that the Ricci 
form is in C 2+a (M), with much shorter proof. In particular, we have 

Corollary 2.1. Let (M n ,go) be a complete non-compact Kahler man- 
ifold with bounded geometry of order 2 + a and the Ricci form is in 
C 2+a (M) for some a > 0. Then there exists T > such that (11.21) has 
a solution g(t) on M x [0,T) such that for each t, g(t) has bounded 
curvature and is equivalent to go. 

Proof. Apply the Proposition to find a short time solution v of (11.11) 
with o~(t) = — tRico + ojo and / = 0. Then u(t) = a{t) + y/—lddv is 
the required solution of the Kahler-Ricci flow. 

□ 



3. A PRIORI ESTIMATES 

Let (M n ,go) be a smooth complete non-compact Kahler manifold 
with bounded geometry of order 2 + a for some < a < 1. Let / 
and a = a(t) be a family of smooth functions and Kahler forms on 
M x [0, T) respectively. Let / be a smooth function on M x [0, T). Let 
v(x,t) be a smooth solution to the following equation on M x [0, T) 

( dv , (a + yf=lddv) n „ „, r „ _ 

(3.1) ¥ = log 0,5 ~f 

( v(x,0) = 

where ujq is the Kahler form of go. 

In this section, we want to obtain estimates on v. The derivations of 
the estimates are rather standard and along similar lines as in [TJ 
(compact case) [21 El [H] (non-compact case), except that we have a 
more simple proof for the second space derivatives of v t (see Lemma 
3.4). 

Throughout the section we will let g k f(t) = (o~(t)) k i + v k j. We will 
use A, V, I • I and A CT , V CT , | • \ a to denote the Laplacian , covariant 
derivatives and norms with respect to g and a respectively. 



On a modified parabolic complex Monge- Ampere equation with applications 11 

Let us recall some well-known results, see [221 Ej. 

Lemma 3.1. Let h(t) be a smooth family of uniformly equivalent com- 
plete Kahler metrics on M for t e [0, T) and let u be a smooth function 
on M x [0, T) such that hij = hij + is a family of complete Kahler 
metrics uniformly equivalent to h for all t. In the following, V, A and 
V/i, Ah are covariant derivatives and Laplacians with respect to h and 
h respectively. Also, | • | will denote a norm with respect to h. 



2 

V(A h u + n) 

(3.2) A (A h u + n)> — — C(A h u + n)/^~% - h iJ R 



(A h u + n) 

where C is a constant depending only on n and a bound on 
the holomorphic bisectional curvature of h and Rij is the Ricci 
curvature of h . 

ii) Let Q = h^h kl h mn u. i i m u.^ k n, where ; is the covariant derivative 
with respect to h and let 

det(^) 



log 



det(h a i) 

Then in normal coordinate with respect to h: 

(3.3) 

d 

(A -^)Q ^{F.^ m W£.j£, m )^;jfcm 4" {R-ikfh ^t]ikfh)'U'\ikrn 

4~ iP't'jpk Fpk)^\ipm'^;ikfh 4" \^f,pi Fpi)^';ikm'^']pkfh 
4" l^ifcma V';kpa'U';iprn,\ 

4" |^;jfcma (^jpa^pfcm 4" ^mpa^jifcp) | 

- Ci(n) [dVfcRm/jl + |Rm h |) \u i3 \ \uf jk \) + |Rm^| \uf jk \ 2 ] 



C2\ht\\uijk 



2 



where Run. is the curvature tensor of h and the last constant 
C*2 depends only on the equivalence of h and h . 

Lemma 3.2. Suppose A a v is bounded on M x [0, T'\ for all T' < T 

and suppose there exist such that in M x [0, T): 

\v t \ < A u \v\ < A 2 , \f\ < A 3 , \A a f\ < A 4 ,A^g < o- < A 5 g , \a t \ a < A e 

the holomorphic bisectional curvature of a is bounded by A 7 , and the 
Ricci curvature R^ of g is bounded by A 8 . 
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Then there is a positive constant C depending only on n and A\ — A$ 
such that 



(3.4) C- 1 < n + A a v < C 

on M x [0, T) 

Proof. Let w = —v t . We have 



n 



+ A a v =a iJ ((a)ij + Vij) > 



. i 

det(crjj + %) 



(3 - 5) f 1 ^ ^ 

= exp -{f + v t )) 



det(^o) 



n 



o 



where Co depends only on n and Ai and A3. From this the first inequal- 
ity in (13.41) is true. On the other hand, by Lemma 13.11 at a point with 
normal coordinate with respect to a(t) such that gij(t) = = 
+ Vij) is diagonal, we have 



d 

A - — ) [\og(A a v + n) 



dt 



> 



(3.6) 



Ao-f + n A a v + n 



^-A a /-(^K- 



+ f ii A CT w + n 



z-CiT,^—- 

^ 1 + v s 



a 



2 



Here Ci is a constant depending only on n and A 7 and C2 is a constant 
depending only on n, Ax, A 3 , A 4 , As, A?, A$ where we have used (13. 5p . 
the fact that «„•; > — 1 for each % and the fact that 



A a v t = -(T t3 R is + (T t3 Rl 1 -A (T f 



On a modified parabolic complex Monge-Ampere equation with applications 13 



by (ED). Hence for any < t < V 

A- [MA^ + ^-^ + lH 

>-C 1 J2T^—-C2-(C 1 + l)J2T J ^ + (Ci + l)v t 

= V-^ (C 1 + l)n-C 2 + (C 1 + l)v t 

> ( £n +Vl \ ) " (Ci + !)" ~C 2 + (Ci + 



(3.7) 



> C3 exp 



rTi(i+«»; 

1 



(log(A CT u + 7l) - (Ci + l)v) 



c 



•1 



72—1 

> C 5 (log(A (T n + n) - (C x + l)v - C 6 ) 

where C 3 — C 6 are positive constants depending only on n and A\ — A 8 , 
where we have used (13. 5p . 

We now want to apply a maximum principle argument to (13. 7p . The 
argument is basically similar to that in [15] where maximum principles 
were derived for the case where g(t) is evolving by Kahler-Ricci flow, 
except that in our case we do not assume the curvature of g is bounded. 
Since go has bounded curvature, we can find a function <p as in Lemma 
(ii). At a point we can find holomorphic coordinates such that is 
diagonalized at this point with respect to g^. Combining (I3.5P with 
our assumption that A a v is a bounded function for each t < T, it 
follows that g(t) and go are uniformly equivalent for each t < T. Then 
A(f) = gVfaj = g U (j) U is bounded in M x [0, T'\ for all V < T. Hence 
A(f> < a(f), where a may depending on T. Consider h = e at <fr we have 

(A-|)„<0. 

Consider the function 

H = (log(A ffM + n) - (Ci + 1) - C 6 ) - eh 
for e > Then 

(A - ^-)H > C 5 (\og(A a v + n)- (d + l)v + -C 6 ) 
at 

for T > t > 0. On M x [0, T], if is bounded from above and will tend 
to —00 at infinity by (13.51) and the fact that v is bounded. H must 
attains its maximum. Hence by the maximum principle, H cannot 



14 Albert Chau and Luen-Fai Tarn 

attain positive maximum at t > 0. Hence 

sup H < maxjlogn — C 6 , 0}. 

Mx[0,T] 

The second inequality in (13.71) is true by letting e — > 0. □ 

Corollary 3.1. Assume the hypothesis and notation in Lemma \3.2\ 
Then here exists a positive constants C > depending on n and A\ — A 8 
in Lemma \3.2\ such that 

(3.8) C~ x g <g< Cg , and |%| CT < C 

on M x [0,T). 

Lemma 3.3. Assume the hypothesis and notation in Lemma \3. 2\ In 
addition assume there exist A 9 and A w such that on M x [0, T), 

\V 2 J\ a + \Vlf\ a < A 9 , |Rm CT | + |V CT Rm CT | < A w , 

where Rm" is the curvature tensor of a. Suppose that bounded 
on M x[0,T'] for allT' <T. 

Then there is a constant C depending only n and A\ — A w such that 



(3.9) Q = ^g kl g mn v, lTm v, ]kn < C 

on M x [0,T). 

Proof. In the following Cj's denote positive constants depending only 
on n and Ax — A w . For < t < T, by Lemma 13.11 we have that in 
normal coordinates with respect to a, 

(3.10) 

— i,-^;ikm ^ t;ikm)^ \ikrh (.^ikrh ^t;ikfh)^ ;ikm 

~l~ {^t;pk Fpfc)V- ) ip m V.j f j.ff l + \Pt-pi Fpi)V- ) ikrn'V\pkfh 
"I" \ V \ikma v ;kpa v ;ipm\ a 

"I" \ v ;ikma (^ipa^jpfcm "I" ^ ^mpaV t ikp) \<j 

- C{n) [(|V CT Rm CT | (T + |Rm"| CT ) \v fjk \ a ) + |Rm ff | |% fc |^] 



+ C \vij k \l. 



|2 



> — CiQ — C2 + \V-ikma — v -kpa V ;ipm\a 
"I" \ v ;ikma (^;ipa^;pfcm "I" ^mpa^jfcp) \ a - 



On a modified parabolic complex Monge- Ampere equation with applications 15 

On the other hand, direct computations show: 

(3.H) =9 M 9 pq V;piiV l qk - 9 kl 9 l jRi]ki ~ aijR ij ~ A * v t ~ K J )t% 

=9 kT 9 P \ P HV lfk - 9 kT 9ij^ kJ ~ ° ll R% + A,/ - (a%v i3 
>C 3 Q - C 4 

where we have used ( 13. ip and Corollary 13.11 Hence by Lemma [3.21 
(3.12) 

By assumption and Corollary 13. H Q + ^rp- (A a u + n) is bounded on 
M x [0, T'\ for all T' < T. As in the proof of Lemma 13.21 we can 
conclude that the lemma is true by the maximum principle. □ 

Now we want to estimate the function w = —v t . We begin by not- 
ing the following estimate which follows immediately from Lemma 13.3} 

(BHD and CT : 

Corollary 3.2. With the same assumptions and notations as in Lemma 
Iff. 31 In addition, suppose there exist An and A\i such that on Mx [0, T) 

IVoo-U < A n , \V a f\ a <A 12 

where Vo is the covariant derivative with respect to go. Then there 
exists a positive constants C > depending on n and and Ai — A 12 
such that \Vw\ 2 < C on M x [0, T). 

Now we want to estimate higher order derivatives ow w. By (13.11) we 
note that 



(3.13) (a - w = g»(a t ) i3 - f t := F. 
and 

(3.14) Wij = Ry — R®j + fij = Rij — Qij, 

where Vt^ = R®~ — f^. Now we compute (A — J^) |Vu>| 2 . In normal 
coordinates with respect to g we have 
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(3.15) 

A(| Vw\ 2 ) = tf* (w k w W kl 

= 9 lJ 9 kl (wkiw rj + WkjWfi + WkfjWf + WkWfij) + g lJ w k Wi (g 



1,3 



where we have used (13.141) . 
d 

^ t^(| Vw| 2 ) = g 13 (w it Wj + WiW- jt ) + (g v ) t WiWj 

= {w t )iWi + [w t )iWi + (Wij - (TijjWiWj 



Hence 



(3.17) 



Q \ 

A ~dt) (|VW|2) = S (l^'l 2 + + (% + ^. 



l jW i Wj J 



h3 

+ FiWi + FjWi. 



Lemma 3.4. Assume the hypothesis and notation in Corollary \3.2i 
Assume in addition that there exist A13 and Au such that on Mx [0, T), 

\V O- t \a + |Vjj<7 t |<T < A 13 , \(ft)ij\a < A U . 

Suppose that S := g ll g kj WijW k i is bounded on M x [0, T'] for all T' < T. 

Then there is a constant C depending only on n and A\ — A\^, such 
that S <C onM x [0,T). 

Proof. In the following Cj will denote positive constants depending only 
on n and A\ — A. By ( 13. 13[) and Lemma 2.1 in [12] 



(3.18) 

d 1 

( A - ~Ql> Wi 3 = R l~kiJ W kl ~ 2^ Ri P W P~i + R V~3 W ii) + F V 
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where we have used (13.141) . In normal coordinates with respect to g: 
(3.19) 

= WijkWjfk + w-jikWjik + WfiAwfj + WfjAwfl 

d d - -■ - 

~ w figl w ij ~ w fjgl w ji ~ 9^ 9*^*° ™ sfW ijW k J - g d g kr g S] W sf W ijW kT 



2 1 to. 



ijk\ 



+ 2w i3 ( Rr kiJ w kI - -{w ip w p] + w p jw. 



J pj w il, 



- WijittipWpj + QpjWii + 2F iJ ) - g ir g sl g k] w sf WijW k i - g u 'g k7 'g SJ w sF WijW k i. 



Hence 



(A-|)(l + S)* 



IV5| 



2(1 + 3)2 dt 1 (l + S) 



(3.20) 



> 



1 



2(1 + 5)3 



2wij R lkil w kl - -{wipWp-j + kw -jWij 



- Wi^QipWpj + QpjWif + 2Fij + Wi 
1 



2(1 + 5)3 



g if g sl g kj w S rWijW k j - g il g kf g s ~ 3 w sf WifjJ kT 



> -d(5+ |Rm| 2 + \Fij\ 2 ). 

for some constant C\ depending only on n and A\ — A, where we have 
used the fact that |V5| 2 < 25£\ Jjfe \wf jk \ 2 - 

In order to estimate I -Fiji, note that in normal coordinate of a at a 



point, 
(3.21) 



r? n pg ^9 P jdgig 

n ijki — 9 — — — r A,;, 



d 2 



dzi dz k ' ~" tjkl dz k dzi %r 



— %| <C 2 (|Rm| + l) 



Using Corollary 13. 1\ Lemma [3.31 we have 

d 2 

OZkOZi 

for some constant C2 depending only on the constants in the lemma. 
Now in a normal coordinate of a we have 

H9%M)ki + {g%{{°t)ki)3 + (9 kl )]((°t) k i)i + {g kJ ){{°t) k T)i 3 +{ft)i 
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Hence by (13.221) . we have 

(3.23) \Fij\ <C 3 (|Rm|+l). 

On the other hand, by Corollary 13.11 Lemma [3731 (13.111) . (I3.21f) and 
(13.31) we have: 

(3-24) ( A -|-)Q>C(n)|Rm| 2 -C 4 . 

at 

By fpDTj) . (13720]) . (137241) . (137231) . Lemma [3731 Corollary O and Corol- 
lary [3721 we can find positive constants C 5 , C 6 , CV depending only on 
the quantities in the lemma such that in M x [0, T] 

<} [ ":i + S)* + C 5 |Vuf + C 6 Q 



(3.25) 



(A 



> 



+C 5 \Vw\ 2 + C 6 Q 



c 7 



where we have used ( 13 . 1 7D . By assumption, for each t 6 [0, T), S is 
bounded. One may then proceed as in the proof of Lemma 13.21 to 
conclude that 

S < C 

for some constant C depending only on the constants mentioned in the 
lemma. □ 

From the above Lemmas we may conclude 



Corollary 3.3. Let v be as in Lemma 3.4 There is a constant C 
depending only on the quantities in Lemma 3.4 such that 

IM|2+a,l+a/2,A/x[0,T) < C 



Remark 2. Let Q be a bounded domain. Suppose the quantities that 
we want to estimates in this section are bounded in dfl x [0,T). Then 
it is easy to see that from the above proofs we may conclude that the 
quantities are also bounded in Q x [0, T). 

4. Applications 

We will now apply the results of the previous sections. Given a 
solution v(x,t) to (13. ip as in the previous section, we are interested 
in establishing conditions under which we have longtime existence of 
v(x, t) as a solution to (13. ip . More generally we are also interested 
in where singularities can form when (13.11) does not admit a longtime 
solution. In Theorem 14. 1 1 below we describe where singularities of ( 13.11) 
can occur in the case where our solution corresponds to a solution to 
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the Kahler-Ricci flow. As a corollary we will establish a longtime exis- 
tence result for the Kahler-Ricci flow in Corollary 14.11 which improves 
the longtime existence result in [5] . Then in Theorem 14.21 combining 
the C° estimate in [6] with the a priori estimates of the previous sec- 
tion we establish a longtime convergent solution to (13.11) under certain 
conditions which generalize those in the main result in [6]. 

The following Theorem describes where singularities can or cannot 
form under the Kahler-Ricci flow in terms of the existence of plurisub- 
harmonic functions defined on subsets of a complete non-compact Kahler 
manifold. 

Theorem 4.1. Let (M,g ) be a complete non-compat Kahler manifold 
such that 

i) \Rmo(x)\ — > as d(x) — > oo where d(x) is the distance function 
on M from some p e M. 

ii) The injectivity radius of (M, go) is uniformly bounded below by 
some c > 0. 

iii) There exists an open set S with smooth compact boundary dS 
and a smooth function F which is strictly pluri-subharmonic on 
S and smooth up to dS . 

Let g(t) be a solution to the Kahler-Ricci flow g' = — Rc on M x [0, T) 
with initial condition g(0) = go. Then for any closed set N contained 
in S , the Riemannian curvature tensor of g(t) and all its covariant 
derivatives are bounded on N x [0, T) provided they are bounded on 
dSx[0,T). 

Proof. By the results in [15], we may assume that go is smooth and that 
all the covariant derivatives of the curvature tensor of lvo are bounded 
on M. Now suppose g(t) solves the Kahler-Ricci flow g' = —Rc on 
M x [0, T) with initial condition g(0) = go, and that the curvature of 
g(t) all its covariant derivatives are bounded on dS x [0,T). 

By the discussion in the introduction, we know that there is a solu- 
tion v(x, t) to 

( dv (a + \f-Lddv) n 

(4.i) at og 

[ t;(a;,0) = 0. 

on Mx [0, T) such that a = —tRc +uJo and uj = a+^/—lddv where ui is 
the Kahler form for g(t). By Theorem 9.1 in [5] we can find sufficiently 
large bounded open sets fli, Q with smooth boundary such that 

(i) OS C fii CC fi; 
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(ii) \VfRm(x, t)\ < Ck on Ql x [0, T) for all k and some Ck depend- 
ing only on Q and k. 

In particular, from our hypothesis and the definition of o it is not hard 
to show we thus have |Vgt>| < Ck on <9(fif > |S') x [0,T) for all k and 
some Ck depending only on k and T. Now if N is any closed subset of 
S, then we have N = (fit f| N) U(^[ f] N) where f] N has compact 
closure in Q f] S. Hence by condition (ii) above, we see that to prove 
the theorem it will be sufficient to prove that | VqW | < Ck on Q' x [0, T) 
for all k and some Ck depending only on g , k, T and Q' where Q' is 
any closed subset of Q f] S. We now proceed to do this. We begin by 
showing 

Claim 1: There exists C > such that sup(^p| 5 ) X [ 0T ) \v t \ < C. 

We will establish the claim by using the a priori estimates from the 
previous section applied to domains (see Remark [2]), and by using the 
plurisubharmonic function F and arguing as in [11] where the authors 
considered the normalized Kahler-Ricci flow g' = —Rc—g on a complete 
non-compact Kahler manifold (also see [20] and [2T]). 

We begin by differentiating (14.11) with respect to t successively to 
obtain the following which we express in an orthonormal coordinate 
with respect to g{t): 



(4-2) ^ = Av t + (a') 



^ =Av tt - (g'(t)Uv t ) i3 - {g'{t)) l3 {a> 

(43) =Av tt - (g'(t)) fj (g'(t)) i3 

<Av tt 



Now from our above observation and ( 14. lft . we know that \vu \ is bounded 
on d{Q, P| S) x [0, T). From this fact and (14. 3p . we conclude by the max- 
imum principle that v u , and thus v t and v is bounded from above on 
(^PS 1 ) x [0, T). Now for the bound from below, we use the pluri- 
subharmonic function F and compute in an orthonormal coordinate 
with respect to g(t): 
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(4.4) 

|L((2T - t)v t + v-F) =A((2T - t)v t + v — F) 

-Au + AF + 2T{a' t ) s -t{a' t ) i i 

=A((2T - t)v t + v-F)-n+ (22V)« + F u 

>A((2T - t)v t +v-F)-n 

where in the second equality we have used the fact that by scaling F we 
may assume that we have 2T(a' t )ci + Fn > on (OP S), a' = — Rco and 
the fact that n = g lj gfj = g lj (o- + ddv)^ = Av — tg lj (Rc )ij + g lj (u )ij. 
Arguing as above and using the bound on v from above, we conclude 
from (14.41) and the maximum principle that v t and thus v is bounded 
from below on (Q f] S) x [0, T). This completes the proof of the claim. 

We now modify (14.11) so that the varying background metric is uni- 
formly Kahler . We note that 

(4-5) a = ^ct(O) + ^ct(T) 

and we let 

(4.6) 



a = ^a(0) + ^(a(T) + ddF) 

t ^ 
v = v — —F. 
T 



By condition (iii), by scaling F we may assume that cr(T) + ddF is 
equivalent to u on (Q (~| S) . Hence a is uniformly equivalent to u on 

(nns)x[o,T). 

Then from the above equations and (14.11) we have 
( dv_ (a + ddv) n _ F 

(4-7) <^ dt ~ g ( Wo )« " T 

{ v(x,0) = 0. 

The point is that the background a is now a Kahler metric which is 
uniformly equivalent to c^o on (O f] S) X [0, T). On the other hand, our 
previous estimates imply that \v t \ and thus \v\ are uniformly bounded 
on (fifes') x [0,T). From this fact, the above observation that |Vot>| 
and thus | Vqv\ is uniformly bounded on d(Q f]S) x [0, T) for all k, and 
the estimates in the previous section we can conclude by the maximum 
principle that vq, v t ij are uniformly bounded on (fifes') x [0,T). 
Thus by differentiating (14.71) and applying parabolic Schauder esti- 
mates we conclude that |VqO| and thus \Vqv\ is uniformly bounded 
on fl' x [0, T) for all k = 0, 1, 2, .. by a constant depending only on T, 
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go, fi' and k where Q' is any closed set in (OP) S). This completes the 
proof of the Theorem. □ 

As a Corollary of Theorem 14.11 we have the following longtime exis- 
tence result for the Kahler-Ricci flow. 

Corollary 4.1. Let (M, go) be a complete non-compat Kahler manifold 
such that 

i) |i?m (x)| — > as d(x) — > oo where d(x) is the distance function 
on M from some p G M. 

ii) The injectivity radius of (M, go) is uniformly bounded below by 
some c > 0. 

iii) There exists a strictly pluri-subharmonic function F on M. 

Then the Kahler-Ricci flow g' = — Rc has a longtime solution g{t) on 
M with initial condition g(0) = go. 

We now turn to our second application of the a priori estimates from 
our previous section. We will establish the following convergence result 
for ( 13. ip which generalizes the main convergence result in [6]. 

Theorem 4.2. Let (M n ,g ) be a smooth complete non- compact Kahler 
manifold with n > 3, and let Q be a (1,1)- form on M such that 
Rico — f2 = \f— Tddfo for some smooth potential f . Suppose we have 
^2k = o I Vq-R^I + J2k=o l^o/l < 00 • Then we have the following: 

1 . The following modified Kahler-Ricci flow has a long time smooth 
solution g{t). 

(4.8) { dt ~ ^ + 



9ij(x, 0) = (g ] 



2. If in addition the potential fo satisfies 
(a) 

for some C\,e > 0, and all x G M where po(x) is the 
distance function from a fixed o G M. 
(b) The following Sobolev inequality is true: 

n-l 

(4.10) (ij^^ ) " ^ C ^J M \^\ 2 dVo 

for some C 2 > and all <p G C °°(M). 
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(c) There exists a constant C3 > such that 

(4.11) V (r)<C 3 r 2n 

for some C3 > and all r where Vo(r) is the volume of the 
geodesic ball with radius r centered at some o e M. 
Then as t — > oo ; g(t) converges uniformly on compact sets in 
the C°° topology on M to a complete Kahler-Ricci metric g^ on 
M which is uniformly equivalent to go, has bounded geometry 
of order 2 + a and has Ricci form equal to Q. 

Remark 3. If we assume further that all the covariant derivatives of 
Rmo and fo are bounded, then g^ will also have all covariant deriva- 
tives of curvature bounded. 

As in [6] our approach is to consider (13. ip where we set a = g . In 
other words, we consider the equation 

1 deb((9o)ki + Vki) f 
dt 10g det^ok) J ° 
v(x,0) = 

A straight forward calculation show that if v(x, t) solves ( 14. 12ft on M x 
[0, T) then gij(t) = {go)ij+Vij is a family of Kahler metrics on M which 
solves (14.81) on M x [0,T). On the other hand, it is not hard to show 
that given a solution gij(t) to (14.81) on M x [0, T), then we obtain a 
solution v(x,t) to d4TT2|) on M x [0,T) (see ®). 

We now prove the first part of the Theorem. First note that the 
assumptions on the curvature tensor imply (M, go) has bounded geom- 
etry of order 2 + a for some < a < 1 by [19] . The assumptions on 
/ then imply that / G C 2+a (M). Hence under the hypothesis in the 
theorem, by Proposition 2.1 there exists a maximal smooth solution v 
to (I4.12p satisfying the conclusions of the Proposition on M x [0, T) for 
some T > 0. On the other hand, differentiating (I4.12p with respect to 
t gives 

{dv t 
~M = AtVt 
v t (x, 0) = f 

and thus by the maximum principle and our hypothesis on fo, we con- 
clude that \vt\ and thus \v\ is uniformly bounded on M x [0, T). Now by 
Remark 1, we may have that the conclusion of Corollary 3.3 is true on 
M x [0,T) for some constant C. From this, Remark 1 and Proposition 
2.1 we see that if T < 00 we could then extend v as a solution to (14.121) 
to M x [0,T') for some X" > T which contradicts the maximality of 
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T. Thus we must have T = oo which establishes the first part of the 
Theorem. 

We now prove the second part of the Theorem on convergence. In 
U a C° estimate was established for (I4.12p under the conditions of 
Theorem 14.21 and the additional assumption that Q = 0. The key 
difference in this case is that the corresponding metrics g(t) will evolve 
under the standard Kahler-Ricci flow, and general Kahler-Ricci theory 
may then be applied. On the other hand, the a priori estimates of the 
previous section basically ensure that by the same proof as in [5] we 
obtain the same C° estimate without this additional assumption. Our 
a priori estimates and Proposition 12.11 then imply the existence of a 
longtime solution to (14.121) which stays uniformly bounded in the C° 
norm on M with additional higher order derivative bounds aswell. We 
state this more precisely in the following 

Lemma 4.1. Let (M n ,g ) be as in Theorem \4-S\ Then (14.121) has 

a smooth solution v on M x [0, oo) such that for each < I < 4, 
\\V l v(x, t)\\ go is bounded by a constant depending only on I, g , f . 

Moreover, given any 4 < I < oo and a compact set S C M then 
|| V[)f (x, £)||s, go is bounded by a constant depending only on S, I, go, fo. 

Proof. By Proposition 12.11 there exists a solution v(x, t) to (I4.12p on 
M x [0, T) for some T > satisfying the properties in the Proposition. 
Thus gijit) = (go)ij + Vij is a family of Kahler metrics on M such that 
for each t G [0, T), g(t) is equivalent to go. Moreover, by remarkCQwe in 
fact have that for each t € [0, T), g(t) has bounded curvature. It follows 
from the proof of Lemma 4 in [B] that we have sup tg j 0T ) \v (t)| < C for 
some C independent of T. 

In particular, by Corollary [331 we have ||i> \\c2+<»i 1 +<»/ 2 imx[o,t)) bounded 
independent of T. Thus by considering the pull back of (13.11) in an ar- 
bitrary quasi-coordinate and applying a bootstrapping argument, as 
in the last part of the proof of Proposition I2.1[ we conclude that 
||i>(t)||c 4 +«(M) is bounded independent of t G [0, T) (see Remark [Q. 
Thus by Proposition 12.11 we can extend v(x,t) as a solution to (14.121) 
past T, and we may then assume that T = oo in the above discus- 
sion. This completes the proof of the first part of the Lemma. The 
proof of the second part of the Lemma follows from iterating the above 
bootstrapping argument. 

□ 

Let v (x, t) is a longtime solution to (14.121) as in Lemma H~T1 We want 
investigate the longtime behavior of w(x,t) = u t (x,t). 

Lemma 4.2. w — ► pointwise on M as t — ► oo. 
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Proof. We begin by showing that | Vw k \ — > as t — > oo for some integer 
k > 1. By (15) of [B], if p = 2/c + 2 with being a large integer, we 
have 

(4.14) / iuW t < -C / | W| 2 dV t 

where C is a positive constant independent of t. Let xq G M suppose 
there exist £j — ► oo and e > such that |Vw fc |(x , £«) > e. On the other 
hand, there is a neighborhood U of xo, such that 

(4.15) + |u tto | < C 

in Z7, where a etc. denote the indices for the real coordinates. Hence 
there is 5 > such that for all (x,t) G Bq(xq) x [ti,t{ + 5] we have 
\Vw k \ > |. In particular, 

/ |Vw fc |W t >e' 

for all t G [tj, tj + 5] for some e' > independent of i. This is impossible 
because of (14.141) . Thus we have established that |Vw fc | — > as t — > oo 
for some integer > 1. On the other hand, (14. 14[) shows that the 
integral J M w p dV t is uniformly bounded for all t > 0. Combining these 
last two facts together with Lemma I4.1[ we conclude that w — > 
pointwise on M as t — > oo. □ 

We now combine the above lemma's with a Liouville theorem of Yau 
[22] for L p harmonic functions on complete Riemannian manifolds to 
give a proof of Theorem 14.21 

Proof of Theorem \4-S\ By Lemma 14. 1[ given any sequence ti — > oo 
there is a subsequence of w(x, tj) converging smoothly and uniformly on 
compact subsets of M. To prove Theorem 14.21 it suffices to prove that 
such a limit is independent of the sequence ti which we now proceed to 
do. 

Suppose u(x, ti) converges to Ui(x) and u(x, Sj) converges to U2(x) 
smoothly and uniformly on compact subsets of M, where tj,Sj — > oo 
and Si < ti for every i. We claim that v = U\ — u 2 satisfies the Laplace 
equation 

(4.16) A h t; = 

on M where h is a complete Kahler metric on M which is equivalent 
to g and has all covariant derivatives of its curvature tensor bounded. 
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Indeed, by (14.121) we have 
(4.17) 

f{si) - f{ti) = \ogdet((g ) kI + u kI (ti)) - log det((g ) kI + u kI (si)) 

log det{(g ) k j + (su(ti) - (1 - s)u(si)) kI )ds 

= {f G fk {s)ds){u{t l )-u{s l )) fk 
Jo 

for each i, where G^(s) is the inverse of the Kahler metric Gij(s) = 
(go)ki + ( su (ti) — (1 — s ) u i s i))ki)- ^ follows from Lemma 14.11 that 
some subsequence of (J^ G lk (s)ds) converges smoothly and uniformly 
on compact subsets of M to a smooth limit which is the inverse 
of a Kahler metric h as above. Our claim follows by taking a limit 
of (14.171) and using Lemma 14.21 On the other hand, by the proof of 
Lemma 3 in [6j we know that J M \u(x, t)\ p dVo < C for some p and some 
C independent of t. Thus we have j M \v (x)\ p dVo < C. It follows from 
this, (I4.16P and the Liouville theorems in [23] that v = and thus 
U\ = v>2- This completes the proof of Theorem 14.21 

□ 




5. Appendix 

We begin by explicitly defining the local Holder norms used in the 
definitions of the elliptic and parabolic Holder spaces on M used in §2 
(Also see [HI])- Let Q be an open set in R m . Let k > be an integer 
and < a < 1, then the C h+a norm of a function u on Q is defined as: 

M M ^ i i \d s u(x) - d s u(x')\ 

\\U \\k+a;Q = > SUp \0 U + } SUp . — 

n x^x'en \x — x'\ a 

\s\=0 \s\=k ^ fc 1 1 

where s is a multi-index, and 

QS = dlSlu 

dx s 

For T > 0, the C 2k+a > k+ % norm on £l T = Q x [0,7] is defined as: 

2k 



\k+a,k+§ ;Q T = ^ SUP \ d t dSu \ 



|s|+2r=0 Q 



E 



sup 



\s\ + 2r=2k^ t ^ x '^ enT 



\d£d s u(x,t) - Sr t d s u{x' ,t')\ 






a + 


t-t'\ 


(X 

2 
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where 

d r d s u = 

* dt r dx s ' 

If there is no confusion, we will simply write or | \u\ \k+ a ,k+§- 

Now suppose (M, g) has bounded geometry of order k + a with re- 
spect to a quasi-coordinate system T where k is even. Fix some T > 
and consider the associated parabolic Holder norm || ■ ||fc a; jr for func- 
tions on M x [0, T) as in Definition 12.21 where the additional subscript 
denotes dependence on the quasi-coordinate T. The following lemma 
basically says that the associated Banach space C* +a,fc / 2+a / 2 (Mx [0, T)) 
from definition 12.21 is independent of the choice of quasi-coordinate. 

Lemma 5.1. Let Q = {{0 p ,V p )\ p G M} be another family of quasi- 
coordinate neighborhoods with data Ki,K2, R. Then there is a constant 
C > such that for all smooth function f on M x [0, T] 

||/Hm;g<C||/|| m ^ 

Proof. We just prove the case that k = 2. Let / be a smooth function 
on M x [0,T]. Let (9 P ,V P ) be a quasi-coordinate neighborhood in Q. 
Let w G D(R) and let p (w ) = q. Let (£ q ,U g ) be a quasi-coordinate 
in T such that £ 9 (0) = q. By ^ Lemma 3.2] in [I], suppose D(w , e) = 
{\w — ti>o| < e} C D(R), then there is a local biholomorphism <ft : 
D(w , e) — > -D(r) such that <fi(w ) = and £ ? o = p , provided e < e 
which depends only on and Q. Suppose = z. Then 

C g (f) = e;(f) 

and 

dz^dzj_ _ _ 

on 9(D(w , e)) where % := 4) and s tJ := £). 

Let k = I and using the fact that £*(g) and 0*(g) are uniformly 
equivalent to the Euclidean metric, we conclude that 



dZi ' < C 



on D(wq, e). Now 



dw k 



dw k dzi dw k 

we conclude that on D(wq, e) 

\e;(f)\ + \D w e;(f)\<c\\f\\ w . 
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It is also easy to see that on D(wo, e) 

\D t e;{f)\ = \D t c q {f)\<c\\f\\ 2 ^. 

On the other hand, 



d d _ dz b dz k dzi 

^ ^ dw a 13 dz b kl dw a dwidwj 

d 2 z k dzi 

+ s k i- 



' dwidw a dwj 

Consider the vector v = -Jr- a d l k . Let v = a^-^-. 

OZk OWiOW a J i Owj 

d 



Hence 



(5.2) 



So 



(5.3) 



d 2 z k dzi dz d d 



ki 



dwidwa dw c dvjj dz d 



d 2 z d ■- d 2 z k dzi dz d 

11 s kV 



dwidw a dwidw a dw c dwj 



Hence we have 



h je/_d_ h _ _^_ s _ dz b dz k dzi dz d 

dw a %1 dz b kl dw a dwi dwj dwj 

, d 2 z d 1<(J 



dwidw a 

on D(w ,e). In fact, from (0.3) we see that 

II «** |i ,_ c 
dwidw a dwj a 

ion D(w ,e) (Note that since Sij(z) is C 2+a and z(w) is C 1 , it follows 
that -^Sij(z(w)) is C a with respect to w). In particular, it is easy to 
see that on D(wo, e) 

l^(/)l<C||/|| 2 ,^. 
Now if w e D(wq, e), then 
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a — 7T~ w ~ * — ^—( w o) 

OWkOWi OWkOWi 

(5 4) = dQV}dz L dz L{w) + ggCf) d*z t 

dzidzj dwk dwi dzi duikdwi 

_ ggCQ dzj dzj _ ggQQ 

dzidzj dwk dwi dz^ dwkdwi 

Since |^ — 2 | < C| w ~ w o|> we can conclude that 

Ir^H-^-WI 

l dw k dwi v / ou) k dw l v u ^ l ^ I f I I 
(| w _ Wo |2 + | t _ t() |)f " NJMW 

for w G D(wq, e). One can also obtain the Holder estimate for d t 9*(f). 
This completes the proof of the Lemma. 

□ 
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